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Abstract 

We consider a class of continuous-time stochastic growth models on d-dimensional 
lattice with non-negative real numbers as possible values per site. The class contains 
examples such as binary contact path process and potlatch process. We show the equiva- 
lence between the slow population growth and localization property that the time integral 
of the replica overlap diverges. We also prove, under reasonable assumptions, a localiza- 
tion property in a stronger form that the spatial distribution of the population does not 
decay uniformly in space. 

Abbreviated Title: Localization for Linear Systems. 

AMS 2000 subject classification : Primary 60K35; secondary 60J25, 60J75. 
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1 Introduction 

We write N = {0,1,2,...}, N* = {1,2,...} and Z = {±x ; x G N}. For x = (x u ..,x d ) G M d , 

\x\ stands for the £ 1 -norm: \x\ = Yli=i \ x i\- For V = (Vx) x <=z d ^ ^ > M = Yl l x&z d -^ e ^ 
(fi, P) be a probability space. For events 4,5cO, Ac5 a.s. means that P{A\B) = 0. 
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Similarly, A = B a.s. mean that P(A\B) = P(B\A) = 0. By a constant, we always means 
a non-random constant. 



We consider a class of continuous-time stochastic growth models on d-dimensional lattice 
Z d with non-negative real numbers as possible values per site, so that the configuration 
at time t can be written as n t = (i]t,x)xeZ d > Vt,x > 0. We interpret the coordinate rjt )X 
as the "population" at time-space (t,x), though it need not be an integer. The class of 
growth models considered here is a reasonably ample subclass of the one considered in |Lig85 



Chapter IX] as "linear systems". For example, it contains examples such as binary contact 
path process and potlatch process. The basic feature of the class is that the configurations 
are updated by applying the random linear transformation of the following form, when the 
Poisson clock rings at time-space (t,z): 

( K 7] t - z if x = z, , , 

= < rs -f a. ( L1 ) 

where K = [Kx) x & d i s a random vector with non-negative entries, and independent copies 
of K are used for each update (See section [TTT1 for more detail). These models are known to 



exhibit, roughly speaking, the following phase transition Lig85 ? Chapter IX, sections 3-5]: 



i) If the dimension is high d > 3, and if the vector K is not too random, then, with positive 

probability, the growth of the population is as fast as its expected value as time the t 
tends to infinity, as such the regular growth phase. 

ii) If the dimension is low d = 1, 2, or if the vector K is random enough, then, almost surely, 

the growth of the population strictly slower than its expected value as the time t tends 
to infinity, as such the slow growth phase. 

We denote the spatial distribution of the population by: 

Pt iX = j^Mm >o}, t>0,xeZ d . (1.2) 

In our previous paper |NY09] , we investigated the case (i) above and showed under some 
technical assumptions that the spatial distribution (jl.2p obeys the central limit theorem. We 
also proved the derealization property which says that the spatial distribution (|1.2|) decays 
uniformly in space like t~ d l 2 as time t tends to infinity. 

In the present paper, we turn to the case (ii) above. We first prove the equivalence 
between the slow growth and a certain localization property in terms of the divergence of 
integrated replica overlap (Theorem 11.3.11 below). We also show that, under reasonable 
assumptions, the localization occurs in stronger form that the spatial distribution (jl.2p does 
not decay uniformly in space as time t tends to infinity (Theorem 11.3.21 below). These, 
together with our previous work |NY09] . verifies the delocalization/localization transition in 
correspondence with regular/slow growth transition for the class of model considered here. 

It should be mentioned that the delocalization/localization transition in the same spirit 
has been discussed recently in various context, e.g., |CH02l[CH06llCSY03l[CYMlHY09l[Sn09l 
IYo08al IYo08bj . In particular, the last paper [Yo08b] by the second author of the present 
article can be considered as the discrete-time counterpart of the present paper. Still, we 
believe it worth while verifying the delocalization/localization transition for the continuous- 
time growth models discussed here, in view of its classical importance of the model. 
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1.1 The model 



We introduce a random vector K = (K x ) xsZ d which is bounded and of finite range in the 
sense that 

< K x < bK^-{\ x \<r K } a - s - f° r some constants bx^K £ [0, oo). (1-3) 

Let t 2 '\ G Z d , f G N*) be i.i.d. mean-one exponential random variables and T z ' z = 
r 2 ' 1 + ... + t z '\ Let also K z > % = (K x l ) x€Z d (z G Z d , i G N*) be i.i.d. random vectors with the 
same distributions as K, independent of {T z,t } zeIi d j g N*- Unless otherwise stated, we suppose 
for simplicity that the process (f]t)t>o starts from a single particle at the origin: 

f 1 if x = 

»» = (»»,*)*«=»»> = | - lix ^Q ( L4 ) 

At time t = T z ' 1 , r]%— is replaced by rjt, where 

^ = { KZ °\u l x T (L5) 

[ rit- x + K x '_ z rj t ^ )Z lfx^z. 

A formal construction of the process {rj t )t>o can be given as a special case of |Lig85 page 
427, Theorem 1.14] via Hille-Yosida theory. In section [l~4"l we will also give an alternative 
construction of the process in terms of a stochastic differential equation. 

To exclude uninteresting cases from the viewpoint of this article, we also assume that 

the set {x G 2^ ; E^-RTJ ^ 0} contains a linear basis of M. d , (1-6) 
P(\K\ = 1) < 1. (1.7) 

The first assumption (jl.6p makes the model "truly d-dimensional" . The reason for the second 
assumption (II. 7|) is to exclude the case \rjt\ = 1 a.s. 

Here are some typical examples which fall into the above set-up: 

• The binary contact path process (BCPP): The binary contact path process (BCPP), 
originally introduced by D. Griffeath [Gri83j is a special case the model, where 

K _ ( (4,0 + 5x,e) xeZ d with probability for each 2d neighbor e of 

\ with probability 2 d\+i • 

The process is interpreted as the spread of an infection, with rjt tX infected individuals at time 
t at the site x. The first line of (|1.8f) says that, with probability 2 d\+i ^ or eac ^ l e l = 1> an 
the infected individuals at site x — e are duplicated and added to those on the site x. On the 
other hand, the second line of (|1.8j) says that, all the infected individuals at a site become 
healthy with probability 2 d\+i • ^ motivation to study the BCPP comes from the fact that 
the projected process 

(Vt,x/\l) x€Zd , t>0 

is the basic contact process [Gri83j. 

• The potlatch process: The potlatch process discussed in e.g. [HL81J and |Lig85, Chapter 
IX] is also a special case of the above set-up, in which 

K x = Wk x , x G Z d . (1.9) 

Here, k = (k x ) x€ %d G [0, oo) zd is a non-random vector and W is a non-negative, bounded, 
mean-one random variable such that P(W = 1) < 1 (so that the notation k here is consistent 
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with the definition (jl.lOp below). The potlatch process was first introduced in |Spi81| for the 
case W = 1 and discussed further in [LS81]. It was in [HL81] where case with W ^ 1 was 
introduced and discussed. Note that we do not restrict ourselves to the case \k\ = 1 unlike 
in [HL8T] and |Lig85j Chapter IX]. 



1.2 The regular and slow growth phases 



We now recall the following facts and notion from Lig85, page 433, Theorems 2.2 and 2.3], 
although our terminologies are somewhat different from the ones in |Lig85| . Let T t be the 
(T-field generated by r/ s , s < t. 

Lemma 1.2.1 We set 

k = (k x ) xe & = [E[K X ] ) xezd (1.10) 

Vt = (e- (|fehl) VW- (1-11) 

Then, 

a) (|r/ t |,^)t>o is a martingale, and therefore, the following limit exists a.s. 

l*7ool = } im \%V ( L12 ) 

b) Either 

EftnooW = 1 or 0. (1.13) 
Moreover, E^rj^W = 1 if and only if the limit \1.12\) is convergent in L X (P). 

We will refer to the former case of (|1.13|) as regular growth phase and the latter as slow growth 
phase. 

The regular growth means that, at least with positive probability, the growth of the 
"total number" \rjt\ of the particles is of the same order as its expectation e^' -1 ^!^!- On 
the other hand, the slow growth means that, almost surely, the growth of \ijt\ is slower than 
its expectation. 

Since we are mainly interested in the slow growth phase in this paper, we now present 
sufficient conditions for the slow growth. 

Proposition 1.2.2 a) For d = 1,2, jr/^l = a.s. In particular for d = 1, there exists a 
constant c > such that 

\rj t \ = 0(e~ ct ), ast^oo,a.s. (1-14) 

b) For any d > 1, suppose that 

E[K x lnK x ] > \k\ -1 (1.15) 

x£Z d 

Then, again, there exists a constant c > such that ftl.l4\ ) holds. 



Proof: Except for (|1.14j) . these sufficient conditions are presented in Lig85[ Chapter IX, 



sections 4-5]. The exponential decay (|1.14p follows from similar arguments as in discrete- 
time models discussed in |Yo08a. Theorems 3.1.1 and 3.2.1]. □ 

Remarks: 1) For BCPP, (|1.15p is equivalent to A < (2d) , in which case it is known that 
1 7ft | = for large enough t's a.s. [Lig85, Example 4.3. (c) on page 33, together with Theorem 
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1.10 (a) on page 267]. Thus, Proposition 11.2.2T b) applies only in a trivial manner for BCPP. 
In fact, we do not know if there is a value A for which BCPP with d > 3 is in slow growth 
phase, without getting extinct a.s. For potlatch process, 

(fTT5|) <=> E[WlnW]> \ k \- l -E x k x lnk^ 



Thus, (|1.15p and hence fll . 14j) is true if W is "random enough" . 

2) A sufficient condition for the regular growth phase will be given by (jl.25p below. 

1.3 Results 

Recall that we have defined the spatial distribution of the population by (jl.2[) . Interesting 
objects related to the density would be 

p* t = maxp t , x , and TZ t = V] p\ . (1.16) 

X&P 

x& d 

p\ is the density at the most populated site, while TZt is the probability that a given pair 
of particles at time t are at the same site. We call TZt the replica overlap, in analogy with 
the spin glass theory. Clearly, (p*) 2 < TZt < p\- These quantities convey information 
on localization/delocalization of the particles. Roughly speaking, large values of p\ or TZt 
indicate that the most of the particles are concentrated on small number of "favorite sites" 
(localization), whereas small values of them imply that the particles are spread out over a 
large number of sites (derealization). 

We first show that the regular and slow growth are characterized, respectively by con- 
vergence (derealization) and divergence (localization) of the integrated replica overlap: 
f™TZ s ds. 

Theorem 1.3.1 a) Suppose that PQf}^] > 0) > 0. Then, 



oo 



IZeds < oo a.s. 



o 



b) Suppose on the contrary that Pdrj^l = 0) = 1. Then, 

{ survival} = < / TZ s ds = oo \ , a.s. (1-17) 



where {survival} = {\rjt\ ^ for all t > 0}. Moreover, there exists a constant c > 
such that 

\fj t \ < exp ^— c J 7Z s ds^J for all large enough t's, a.s. (1-18) 

Results of this type are fundamental in analyzing a certain class of spatial random growth 
models, such as directed polymers in random environment [CH02, CH06, CSY031 ICY05] . 
linear stochastic evolutions |Yo08b] , branching random walks and Brownian motions in ran- 
dom environment [HY09, Sh09]. Until quite recently, however, this type of results were 
available only when no extinction at finite time is allowed, i.e., \rjt\ > for all t > 0, e.g., 
|CH02l ICH061 ICSY031 ICY051 IHY091 ISh09j . In fact, the proof there relies on the analysis of 
the supermartingale ln|fft|, which is not even defined if extinction at finite time is possible. 
To overcome this problem, we will adapt a more general approach introduced in [Yo08b]. 
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Next, we present a result (Theorem 11.3.21 below) which says that, under reasonable as- 
sumptions, we can strengthen the localization property 

POO 

/ 1Z s ds = oo 
Jo 

in (fTTT7|> to: 

poo 

/ l{7^s > c}ds = oo, 

J 

where c > is a constant. To state the theorem, we define 

XiV = E[(K - 5 ) X (K - 6o) y ], x,y£Z d . (1.19) 

We also introduce: 

poo 

G(x)= / P$(S t = x)dt, (1.20) 
J o 

where ((St)t>o, P§) is the continuous-time random walk on Z rf starting from x £ Z d , with 
the generator 

WOO = \ ( k *-y + V-) (/(y) - /(*)) . cf. CUDJ. (1.21) 



Theorem 1.3.2 Referring to H.19\) - U.20\) , suppose either of 

a) d = 1,2. 

b) d > 3, P(|r/J = 0) = 1 and 



^ G{x-y)p x , y >2. (1.22) 



T/ien £/iere exist a constant c £ (0, 1] suc/i that 



{ survival } 



|y 1{TZ S > c}ds = oo | a.s. (1.23) 



Our proof of Theorem 11.3.21 is based on the idea of P. Carmona and Y. Hu in [CH021 [CH06J, 
where they prove similar results for directed polymers in random environment. Although the 
arguments in [CH02, CH06] are rather complicated and uses special structure of the model, it 
was possible to extract the main idea from [CH02, CH06J in a way applicable to our setting. 
Also, we could considerably reduce the technical complexity in the argument as compared 
with [CTI021ICH06] . 

Remarks: 1) We prove (|1.23p by way of the following stronger estimate: 

, f tinTds } , , 

{ survival } C < lim — t > c x > a.s. (1-24) 

{ t/oo j lZ s ds J 

for some constant c\ > 0. The inequality r 3 / 2 < l{r > c} + \fcr for r, c € [0, 1] can be used 

to conclude (Q3"|) from fUTM . 

2) We note that P(|r/J > 0) > if 

d > 3 and ^ G(x - y)(3 x<y < 2. (1.25) 
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This, together with Theorem 11.3.11 (a) . shows that the condition (jl.22p is necessary, up to 
the equality, for (|1.23p to be true whenever survival occurs with positive probability. We see 
that (jl.25p implies Pd^oJ > 0) > via the same line of argument as in |Lig85 page 464, 
Theorem 6.16], where the special case of the potlatch process is discussed. We consider the 
dual process Q S [0, oo) zd , t > which evolves in the same way as {rjt)t>o except that (|1.1|) 
is replaced by its transpose: 

CttX = { ^ye^K y - x ( t -, y ifx = z, 
{ Ct-,x lix^z. 

By |Lig85 page 445, Theorem 3.12], a sufficient condition for Pflr^l > 0) > is that there 
exists a function h : Z d — > (0, oo) such that ]iioa.\ x \_ Jl . 00 h(x) = 1 and that 

^2q(x,y)h(y) = 0, x£Z d . (1.27) 
y 

Here, q(x,y) is the matrix given by |Lig85 a page 445, (3.8)-(3.9)] for the dual process. In our 
setting, it is computed as: 

q(x,y) = k x - y + k y - x - 2\k\S x>v + S 0)X Pz,z+y, 

z 

so that (11.27P becomes: 

(L s h)(x) + \5 , x ^2 Kv ~ z)P y ,z = 0, x £ Z d , cf. (H3U). 

y,z 

Under the assumption (jl.25p . a choice of such function h is given by h = 1 + cG, where 

E\(\K\ -l) 2 ] 



3) Let 7Trf be the return probability for the simple random walk on Z d . Also, let ( -, • ) and * 
be the inner product of £ 2 (Z d ) and the discrete convolution respectively. We then have that 

f A < ^TrrWr for BCPP > 

(I™ ™,™ ~ %i\-iMQ) f fh 1, t v (1-28) 

I £/[vr J > (G*kk) * or * ne potlatch process. 

For BCPP, (Qgj) can be seen from that (cf. [JNY091 page 965]) 

= l{,-0} + Al{M-l} ^ G(0) _ 2 rf A + 1 1 



2dA + l ' y w 2dA l-7r d 

To see (jl.28p for the potlatch process, we note that |(& + k) * G = \k\G — 5q, with k x = k- 
and that 

Px,y = E[W 2 ]k X ky - k X 5yfl - ky5 X fl + 5 x fl5yfl. 

Thus, 

Y, G{x-y)f3 X) y = E[W 2 }(G*k,k)-(G,k + k)+G(0) 

x,y&L d 

= E[W 2 ](G*k,k) + 2- (2\k\ -1)G(0), 
from which (I1.28P for the potlatch process follows. 



7 



1.4 SDE description of the process 

We now give an alternative description of the process in terms of a stochastic differential 
equation (SDE). We introduce random measures on [0, oo) x [0, oo) zd by 

N z {dsdO = 1{{T Z '\ K z ' { ) e dsd£}, N t z (dsdO = l {s < t} N z (dsdO- (1-29) 

Then, N z , z£Z d are independent Poisson random measures on [0, oo) x [0, oo) zd with the 
intensity 

ds x P(K e •). 

The precise definition of the process (rjt)t>o is then given by the following stochastic differ- 
ential equation: 

Vt,x = Vo,x + / N t( dsd (Zx-z ~ S x , z ) f)s-,z- (1-30) 

z&L d 

By ()1.3p . it is standard to see that (|1.30p defines a unique process r/t = (r]t, x ), (t > 0) and 
that (rjt) is Markovian. 

2 Proofs 

It is convenient to introduce the following notation: 

v = p(K e •) G V([0,oo) zd ), the law of K. (2.1) 
N z {dsd£) = N z (dsd£) - dsv{d£), N z (dsdO = l s < t N z (dsd£). (2.2) 

2 . 1 Proof of Theorem 11.3.11 

The proof of Theorem 11.3.11 is based on the following 
Lemma 2.1.1 

{ l^ool = 0> survival} = / J lZ s ds = oo 1 , a.s. (2-3) 

Moreover, there exists a constant c > suc/j £/tcrf $1.18\) holds a.s. on the event { f^°lZ s ds = oo }. 
Proof: We see from ([T3Dj) that 

l%l = 1% 



/ N z (dsdo\vs-m\-i)ps-,z (cf. dZ2 

Vo\+ [ \Vs-\dM s 
Jo 



where 



M * = E / Ni(dsdom-i)p s -,z. 

Then, by the Doleans-Dale exponential formula (e.g., [HWY92, page 248, 9.39]), 

\Vt\ = exp (Mt) A, 

where 

D t = Yl (1 + AM S ) exp (-AM,) , with AM t = M t - M t — 

8<t 

Note also the predictable quadratic variation of M. is given by 
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1) (M) t = E[(\K\ -l) 2 ] I K s ds. 

Jo 

Since -1 < AM t < b K - 1< oo, we have that (See e.g. |HWY92l page 222, 8.32]) 

2) { ( M )oo < oo } C {[M]oo < oo, M t converges as t /* oo} a.s. 

3) {(^)oo = oo}c{lim^ = l, Hm^ = 0} a.s. 
where 

[Af]t = ^(AM S ) 2 

We start with the "d" part of ([23]) : Note that (l+u)e _u < e _ciu2 for -1 < u < b K -l, where 
c\ > is a constant. We suppose that lZ s ds = oo, or equivalently that, ( M )oo = oo. 
Then, for large t, 

(3) / Cl x (i) / /■* \ 

exp (M t ) A < exp (M t - ci[M] t ) < exp (--^( M ) t J < exp ( -c 2 J K s ds\ 

This shows that H s ds = oo implies |r/oo| = 0, together with the bound (| 1 . 18[) . 
We now turn to the "c" part of (12. 3D : We need to prove that 



a.s. 



4) { lZ s ds < oo survival} C { (r/^l > 0}. 
We have 

5) { J °° lZ s ds < oo} ^ C ^ {M t converges as t f oo} a.s. 
On the other hand, 

^|(l + AM s )exp(-AM s )-l| < ~[M] t , 

s<t 

since |(1 + u)e~ u — 1| < eu 2 /2 for u > —1. Thus, 

6) { 1Z s ds < oo, survival} C {D t converges to a positive limit as t /* oo} a.s. 

We now obtain (4) by (5)-(6). □ 

Proof of TheoremUJU^ a): If P(|r/J > 0) > 0, then, 

{survival} = {Ir/oJ > 0} a.s. 

This can be seen easily by the argument in |Gri83l page 701, proof of Proposition]. We see 
from this and (I2.3p that J °° TZ s ds < oo a.s. on the event of survival, while J °° TZ s ds < oo is 
obvious outside the event of survival. 

b): This follows from Lemma l2.1.1l □ 
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2.2 Proof of Theorem 11.3.21 

Let p be a transition function of a symmetric discrete-time random walk denned by 



p{x) = \ 2(\k\-k ) ifx ^°' 
[ if x = 0. 

and p n be the n-step transition function. We set 

n 
k=l 

Lemma 2.2.1 Under the assumptions of Theorem \1. 3. 2\, there exists n such that 

J29n(x-y)P x , y >2(\k\-k ). (2.4) 

Proof: Since the discrete-time random walk with the transition probability p is the jump 
chain of the continuous-time random walk ((St)t>o, P§) with the generator (jl.2ip . we have 
that 

1) lim g n (x) = (\k\ - k )G(x) for all x G Z d . 

n^oo 

For d > 3, G(x) < oo for any x G 7L d and /3 xy ^ only when \y\ < tk, we see from (1) 
that 

lin^^flwOz ~ y)Ac,y = (I&I - ^o) - y)/^. 



Thus, (|2.4p holds for all large enough n's. 
To show (|2.4p for d = 1,2, we will prove that 



lim VVn-iO - V)Px,y = oo. 

n— >oo ' — » 

For / G ^ 1 (Z c( ), we denote its Fourier transform by 



f(0)= ^/(z)exp(ix-0), 0€ I =[-*,*■] 



We then have that 

1 ri-p{0) 2n 
(2<F J j l-p(9) 

and hence that 



92n-i{x) = j—^ j — ^T^-exp^ix 



53s2n-i(x-y)Ar, w = J2^y j I i-p(6) ^2 exp ^ x ~ y "> ' "> E ^ K ~ 6 o)x(K - 5 Q ) y ]d9 



x,y ' - * ' 

Since p(-) is even, we see that G [—1, 1] for all 9 £ I. Also, by (|1.6p . there exist constants 
Cj > (i = 1, 2, 3) such that 

< 1 - ci\6\ 2 < p{9) < 1 - c 2 \9\ 2 for |0| < c 3 . 
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These imply that 

E[\K(9)-1\ 2 ] 



The integral on the right-hand-side diverges if d > 2, since 

E[\K(0)-l\ 2 }=E[(\K\-l) 2 ]^0 



|< C2 \0\ 2 ^ 



□ 



We take an n in Lemma 12.2.1 1 and fix it. We then set 

g = g n and S t = (g* p u pt ), (2.5) 

where the bracket ( •, • ) and * stand for the inner product of £ 2 (Z d ) and the discrete 
convolution respectively. In what follows, we will often use the Hausdorff- Young inequality: 

\(f*h) 2 \ 1/2 < \f\\h 2 \ 1/2 f ei 1 ^), he£ 2 (Z d ). (2.6) 

For example, we have that 

Schwarz , . 112. 611 

0<5 t < |(5*^) 2 | 1/2 |U) 2 | 1/2 < | 5 |IU) 2 | = l5l^<oo. (2.7) 
The proof of Theorem 11.3.21 is based on the following 
Lemma 2.2.2 Let 

S t = S + Mt + At 

be the Doob decomposition, where M.. and A. are a martingale and a predictable process, 
respectively. Then, 

a) There is constants c\,C2 £ (0, oo) such that 

A t > (ciJls - c 2 n 3 J 2 ^j ds (2.8) 

b) 



M 



K s ds = oo } C < lim — — = } a.s. (2.9) 

Proof of Theorem \1.3.2c By Theorem 11.3.11 and the remark after Theorem 11.3.21 it is enough 
to prove that 

tV?J 2 ds def f f°° 

1) lim J -\^ > c a.s. on D = { \ TZ t dt = oo 

t/oo J Q lZ s ds [Jo 



for a positive constant c. It follows from (|2.7p and (|2.9p that 

lim , — = a.s. on D 

Jo n sds 



and hence from (12.81) that 



r Jo Ks /2 ds ci 

hm > — a.s. on L>. 



This proves (1) and hence Theorem 11.3.21 □ 
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2.3 Proof of Lemma 12.2.21 

Proof of part (a): To make the expressions below easier to read, we introduce the following 
shorthand notation: 

Jt,x,z(€) = Pt,x + (£ - 8o)x-zPt,z, 

-j f ^ Vt,x + (£ - 5o)x-zVt,z Jt,x,z(0 

Jt,x,z\Z) = 



M + CKI-i)^* " i + (|£|-i)a*' 

We then rewrite St as: 

S t = S + X] / N t{ dud i)^9{x ~ V) (Ju-,x,z(£) J u-,y,z(0 ~ Pu-,xPu-,y) 

z x,y 

= So + Mt + At 
where At = J" * A s ds has been defined by 

A s= ^2 g ^ X ~ ^ j V ^ { J s,x,z(0 J s,y,z(0 ~ Ps,xPs,y) 



x,y,z 

\-2 



We will see that 



To bound A s from below, we note that (1 + x) > 1 — 2x for x > —1. Then, 

Ps,xPs,y 

> Jt,x,z(0 J t,y,z(0 ~ 2(|£| - l)p s ,zJt,x,z(0 J t,y,z(0 ~ Ps,xPs,y 

= U sw (0 - 2V SW (0 - 2W SiW (0, (2.10) 

where 

Us,x,y,z{£,) = Js,x,z(£,)Js,y,z(£) Ps,xPs,y (2-11) 

V s , x ,y,z(0 = - l)U S ,x,y,z(OPs,z (2.12) 

W s , x , y>z (0 = (lei - l)ps,xPs,yPs,z- (2-13) 

£ 9(x -y) f V sw {i)u{di) < cR?J 2 . (2.14) 

x,y,z 

Here and in what follows, c denotes a multiplicative constant, which does not depends on 
time variable s and space variables x,y, .... To prove (|2.14p . we can bound the factor |£| — 1 
by a constant. We write 

U s ,x,y,z{C) = (£ - So)y-zPs,xPs,z + (£ ~ $o)x-zPs,yPs,z + (Z, ~ 5o)x-z(Z, ~ $v)y-zP% z (2-15) 

We look at the contribution from the second term on the right-hand-side of (|2. 15 j) to the 
left-hand-side of (|2T4"jh 

^g{x-y){£,-o~o)x-zp% z Ps,y = {g* p s ,(£- $o)* p 2 s ) 

x,y,z 

< \(g * Ps) 2 \ 1/2 m - So) * p 2 s) 2 \ 1/2 

< mv 2 ^ - s ) 2 \ 1/2 \p 2 s\ < cnr 

Contributions from the other two terms on the right-hand-side of (|2.15p can be bounded 
similarly. Hence we get (12.141) . 
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On the other hand, 

Y 9(x ~y) J U 8 , x ,y,zdv 

^ g(x - y) {{k - So) y -zPs,x P s,z + {k- 5 ) x -zPs,yPs,z + 9x~z,y-zP\^j 

x,y,z 

(g* (k - S ) * p s ,Ps) + (g * (k - S ) * Ps,Ps) + ^2g{x - y)(3 x , y K s , (2.16) 



x,y,z 



x,y 

where k x = k- x . Also, 



Y^9{x-y) fw S)X) y, z du=(\k\-l)(g* Ps , Ps ). (2.17) 

x,y,z 



Note that 
and that 
Thus, 



(k - So) + (k- S ) - 2(\k\ - 1)S = 2(\k\ - k )( P - So), 
g*(p-5 ) = p n+ i -S > -S . 



( g * (k - S ) * p s , p s ) + ( g * (k - So) * p s ,p s ) - 2(\k\ - 1)( g* p s ,p s ) 
= 2(\k\-ko)(g*(p-So)* Ps ,p s )> 2(\k\-k )U s . 



By this, (I2TTHD and (I2TT7D . we get 

Y^aix-y) I (U s , x , y , z -2W s ^ y , z )dv> [Y J 9{x-y)p x , y -2(\k\-ko)\n s . (2.18) 

x,y,z \ x,y / 

By (EHUD . QZH1D , (pTTHj) and Lemma EHl we obtain ([23]) ■ □ 
Proof of part (b): The predictable quadratic variation of the martingale M. can be given by: 

where 

Fs,z(0 = Y 9 ( X ~ y)(Js,x,z(OJs,y,z(0 ~ Ps,xPs,y) 
x,y 

Recall that 

{( -M )oo < 00} C {M.t converges as t — > 00} a.s. 
{(A4)oo = oo} C { lim — - = ol a.s. 



( M ) t 

Thus, to prove (j2.9|) . it is enough to show that there is a constant c G (0, 00) such that 

2) (M) t <c f n s ds. 

Jo 

We will do so via two different bounds for |.F SiZ (£)|: 

13 



3) \F atg (0\<2\g\ far all 

4) \F s ,z(0\ < Ws,z ifp s ,*<l/2. 

To get (3), we note that < J s , x ,z(C) — 1 an< l «7s,:r,« = 1 f° r each z. Thus, 

< (g* j s ,-,z,j s ,;z} + (g* Ps,Ps) 

< K^J^) 2 ! 172 !^! 17 ^!^*^) 2 ! 172 !^! 172 

< Ml^,, z | + M^ s <2|3|. 

To get (4), we assume p S)JZ < 1/2. Then, 1 + (|£| — l)p s ,z > 1/2 and thus, recalling (|2.1ip and 
(|2T3|) . 



< 253s(i-»)(|E/,,,, w (0| + |W«,,,,K)|), 



x\.y 



By (|2.13|) and (|2.15p . it is clear that the last summation is bounded by cp SjZ for some c. 
(3)-(4) can be used to obtain (2) as follows. For each s, there is at most one z such that 
Ps,z > 1/2, and TZ S > 1/4 if there is such z. Thus, 

^l{p.,z > 1/2}<4K S . 

z 

By this and (3)-(4), we have 

2 F ^(^) 2 ^ 4 l5| 2 E ^ > V2} + c 2 X: HPs,z < l/2}plz < (16| 5 | 2 + c 2 )K s . 

z z z 

Plugging this into (1), we are done. □ 
Acknowledgements: The authors thank Yuichi Shiozawa for discussions. 
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